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Tony Brabazon

University College Dublin

ABSTRACT

Over the past 15 years, there has been tremendous interest in the area
of computer-intensive statistical methods. One specific technique whose
use has become increasingly widespread is the "bootstrap”. Using the
computational power of computers, it is possible to obtain estimates of
standard error and bias and to construct confidence intervals for esti-
mators without having lo make assumptions about the sample distribu-
tion of the estimator. To date, little use of the bootstrap has been made
in accounting research primarily because few accounting researchers
were aware of its existence. This article provides an intuitive overview
of the bootstrap, demonstrates the technique using three examples and
provides information regarding the software which is available to im-
plement bootstrapping techniques.

INTRODUCTION

The primary objective in statistics is to draw inferences about the (un-
known) population parameters by examining a sample which has been
drawn randomly from the population. Much statistical theory has
evolved to aid in this task. However, prior to the widespread introduc-
tion of computers, it was difficult to perform lengthy computations. This
led to concentration on statistical models which had concise analytical
form and which were not expensive from a computational point of view.
This imposed a limitation on the usefulness of statistical inference in
certain cases. The availability of low cost computing power is beginning
to remove these constrainis.
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One of the major advantages of increased availability of computational
power is that statistical inference need no longer he bound by classical
theory. Inferences can be made for more complex estimators of popula-
tjon parameters than was possible in the past.

Additionally, the analysis of data need no longer rely on assumptions of
gaussian or other well-known distributions. The researcher will be in-
creasingly freed from the need to understand the detailed mathematical
underpinnings of the statistical techniques used. Indeed, the use of the
new techniques may prevent some mis-applications of classical tech-
aiques and thus lead to better data analysis.

AN OVERVIEW OF THE BOOTSTRAP

Suppose a random sample is drawn from a large population and the val-
ues obtained are 2.0, 2.5, 2.25, 2.12, 10.0. A point estimate of the
population parameter of intezest may be made from this sample infor-
mation. How can the researcher estimate the standard error or bias or
construct a confidence interval for this point estimate? Classical statis-
tics relied on mathematical theory to calculate these quantities. The
bootstrap aims to estimate these without overt reliance on complex the-
ory but rather by using vast amounts of computing power. The bootstrap
belongs to a class of techniques known as resampling techniques. The
underlying premise is that the sample contains more information than
has typically been used by classical statistical methods. Bootstrap tech-
niques move the traditional sampling analogy one step further. By re-
sampling (with replacement) many times from the original sample, it i3
possible to construct estimates of standard error, bias and confidence
intervals for the chosen estimator. Bootstrapping techniques permit such
estimations for many statistics even where no obvious mathematical
theory exists as to the sample distribution of that statistic. In the case of
the above sample, resampling with replacement could yield a new (or
bootstrap) sample such as 2.5, 2.5, 2.12, 2.0, 10.0. Indeed, a bootstrap
sample such as 10.0, 10.0, 10.0, 10.0, 10.0 could also be obtained.

The bootstrap samples mirror the original sample in some way, which in
turn mirrors the original population in some (possibly unknown} way.

For each bootstrap sample that is drawn from the original sample, it is
possible to calculate the relevant statistic of interest. If 1,000 bootstrap
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samples are drawn, 1,000 bootstrap estimates of the statistic of interest
are calculated. From these bootstrap estimates, inferences can be made
concerning the relevant population parameter. The above explanation
can be stated in a more precise mathematical fashion.

Consider the following general problem. Let R{(XF) be a random vari-
able where X=(Xy, ..., X,) is a vector of data drawn as a sample from the
anknown probability distribution E. We are interested in estimating
some feature of the distribution of R, for example E(R), Var{R) or
SD(R). Let E denote the empirical cumulative distribution function (cdf)
of the sample X, B(x}= #X; S x), and define a bootstrap sample as a
n

random sample of size n drawn from-FE. Hence, the bootstrap sample
(denoted X ) is simpply a sample drawn with replacement from the origi-
nal data. Define R as R(X ), that is, the version of R computed using
the bootstrap sample X (the resample) rather than using the origipal
sample. If this procedure is repeated B times, we obtain R |, ..., R g.
The histogram of the R values is often called the bootstrap distribution
of R and can be shown in many cases to approximate the true distribu-
tion of R.

Estimation of Standard Errors

Once a statistic has been calculated for a set of data it is necessary to
determine how accurate an estimate it is of the true (unknown) popula-
tion parameter. Standard errors are one way of assessing this. If we take
a simple example, we can see how the bootstrap can be of use. The re-
searcher is often interested in the ‘central tendency’ of a set of data.
Common measures are the mean, mode and the median. Due to the
straightforward analytical properties of means, they are often used as a
measure of central tendency. The central limit theorem enables the re-
searcher to calculate a confidence interval for a sample mean when a
Jarge sample is available. However, outliers can have a distorting affect
on the sample mean and it may sometimes be preferable to use a
trimmed mean or some other measure of central tendency.

However, it is not a straightforward procedure to obtain a measure for
the standard error of this statistic. The bootstrap algorithm comes to the
rescue. By generating many bootstrap samples from the original sample
and generating the relevant statistic for each bootstrap sample, the stan-
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dard error may be estimated. Thus, standard errors may be estimated for
many statistics where no cbvious mathematical formulae exist. This
enables the researcher to use the most appropriate statistic for the task at
hand rather than a statistic for which distributional theory exists.

The bootstrap algorithm for calculation of estimated standard errors is
as follows:

{Algorithm 1)
Bootstrap Algorithm for Estimating Standard Errors
Data:xp ... . Xp ; Statistic of interest is R(X,F)}
B Times

. * *
Resample: Draw x [, ..., X p at random with replacement from x1_ .., X

% *
Compute R py=Rp{X , ¥} based on b=l, ..., B

Estimate the standard error s.e.Ir (R) by the sampie standard deviation
of the B replications

m.ﬁm*? 5 M R'y- RH5)2
b=1

s 1 B
where R = W Mw*v

Notice that the bootstrap estimate based on B resamples is a Monte
Carlo approximation to the nonparametric maximum likelihood estimate
{MLE) of the guantity of interest, the approximation arising from the
fact that B is finite rather than infinite.

From the examples given so far, it may appear that bootstrap procedures
only apply where the sample data consists of individuai data points.
This is not s0. The individual data items x7_ ..., Xy can be much more
complex. They could be vectors or matrices. Consequently, it is possible
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to extend bootstrapping procedures to more complex settings. Regres-
sion models are one such example.

Regression Models

The common OLS linear regression mode! depends on several assump-
tions. The model is assumed to be linear in the parameters Amo. By ete.),
the error terms (€) are assumed to be drawn from an error distribution

{Z) where Ez(€) = 0 and the distribution is assumed to be normal. In the
simple regression case, it can be shown that the bootsirap estimates of
standard error are asymptotically identical to those of classical theory
{(Hjorth, 1994). However, the same bootstrap procedure used to produce
estimates of standard erzor in the simple OLS case can be applied to
much more complex regression medels for which no simple mathemati-
cal theory exists, Examples of this would be situations where the regres-
sion function is non-linear in the parameters and/or where the fitting
criterion is not least squares. This allows the researcher the freedom to
use the most appropriate model rather than restricting the analysis to
modeling techniques that are amnenable to simple mathematical analysis.
if used wisely, this increased power can only strengthen the researcher’s
analysis.

To demonstrate the use of bootstrapping techniques, we will look at the
simplest case.

Suppose we have a standard linear regression model Y;=x B + € (i =
1, ..., nj where Y, is the ith response variable, m is the vector of regres-

sion coefficients, x; is the ith row of predicter variables and & is the ith
error terrm.

Twe simple bootstrapping methods may be used (Efron and Tibshirani,
1993). Resampling can be applied either to the residuals or to the data
vectors. The second case will be examined here.

If we consider that all the original data cbservations (the ¥;s and the
%;8) Torm the rows of a data matrix with say ‘n’ rows, it is possible to
randomly select ‘n’ rows with replacement from the original data matrix
and construct a bootstrapped (resampled) data matrix. Performing OLS
on this matrix will generate bootstrapped values for the predictor vari-
































































































































































































